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�� Introduction and main results�

Two�dimensional area�preserving analytical di�eomorphisms with a structurally unstable hetero�
clinic cycle were considered in 	
�� Such di�eomorphisms are divided into three classes depending on
the structure of the set of orbits lying entirely in a small neighborhood of the heteroclinic cycle� It was
shown in 	
� that di�eomorphisms having in�nitely many elliptic islands 
in this small neighborhood�
are dense among the di�eomorphisms of the third class�

In the present paper we consider the problem on the existence of elliptic periodic orbits for four�
dimensional symplectic di�eomorphisms 
and for three degrees of freedom Hamiltonian �ows� with
homoclinic tangencies�

The structurally stable periodic orbits of four�dimensional symplectic di�eomorphisms� or of three
degrees of freedom Hamiltonian �ows in a �xed energy level� can be of the three following types 	���

� saddle� i�e� such that have one pair of multipliers inside the unit circle and the other pair outside�
among saddle periodic orbits one may distinguish the saddles 
the periodic orbits with real multipliers
�� � ��� �� � ��� �� � ���� � �� � ���� where j�j j � 
 � and the saddle�foci 
the periodic orbits with
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complex multipliers ���� � �e�i�� ���� � ���e�i� where � � � � 
 and � � � � � ��
�� ��elliptic� i�e� such that have a pair of real multipliers and a pair of multipliers on the unit circle�
�� � �� �� � ���� ���� � e�i� where j�j � 
 and � � � � � �
�� ��elliptic or simply elliptic� i�e� such that have all multipliers on the unit circle� ���� � e�i�� � ���� �
e�i�� where � � ���� � � and �� �� �� �

In the symplectic polar coordinates� the map near a ��elliptic �xed point� can be written in the
following 
Birkho�� normal form if there is no strong resonances 
i�e� �� �� ��� �� �� ���� �� �� ����
�� �� ���� �� �� ���� �� � �� �� �� �� � ��� �� ��� ��� � �� �� ��� ��� � �� �� ��� ��� � �� �� ���
���� �� ��	�� �	� ��

�
 � 
� o

��� �� � � � � ��
� o

�

where 
 � R�� � � T �� � � 
��� ��� and � is a 
�� ���matrix� If � is non�degenerate 
i�e� det � �� ���
then the Kolmogorov�Arnold�Moser theory is applied to this map at small 
� which guarantees the
existence of a large 
in measure� set of invariant tori near 
 � � 
the map must be at least C�

smooth 	����
Such elliptic point is called generic� Unlike the two�dimensional case� a generic ��elliptic point

may be unstable in the usual 
Lyapunov� sense� However� for the majority of initial conditions near
such point 
the initial conditions on the invariant tori� the orbit never escapes the small neighborhood
of the �xed point� Thus� we have here some form of stability�

The question now is how elliptic periodic orbits can appear in chaos for four�dimensional maps�
Note that there cannot be a straightforward analogy with the two�dimensional results� Indeed�
unfolding a homoclinic tangency to a saddle �i�e� when multipliers are real� can not produce ��elliptic

periodic orbits if the transversality conditions of 	�� 
�� �� are satis	ed�

These conditions guarantee the existence of a uniform partially hyperbolic structure in a small
neighborhood of the homoclinic tangency� which essentially means the existence of a positive Lyapunov
exponent for every orbit and therefore prevents of appearance of stable periodic orbits�

Another possibility which we explore in this paper is the homoclinic tangency to a saddle�focus�
We will consider maps and �ows simultaneously� so �a system X� will refer to a four�dimensional
symplectic map or a three�degrees of freedom Hamiltonian �ow on a �xed level of the Hamiltonian
functionH� We will also consider �nite�parameter families of such systems� The natural one�parameter
family of the �ows under consideration is the family of �ows on di�erent levels of the same Hamiltonian�
However� other choices are also allowed 
say� we may �x the energy level but consider the Hamiltonians
which depend on parameters� etc���

Let a Cr�smooth 
r � �� system X� satisfy the following conditions�
A� X� has a periodic orbit L� which is a saddle�focus with the multipliers ���� � ��e

�i�� � ���� �
���� e�i�� � where � � �� � 
 �
Obviously� any close system will have a saddle�focus periodic orbit L close to L��
B� The stable and unstable invariant manifoldsW s and W u of L� have a simplest tangency at the
points of some homoclinic orbit � �

The condition of the �simplicity� of the tangency 
or the quasi�transversal intersection� reads as
follows� Let EMW denote the tangent space to a manifold W at some point M �W � Let M� be any
point on the homoclinic orbit � � Then we require
B��� dim
EM�W s �EM�W u� � 


for the maps� or
B���� dim
EM�W s �EM�W u� � �

for the �ows�� and
B��� The tangency of W s and W u is quadratic at M��

�The study of a periodic orbit can always be reduced to the study of a �xed point
 by taking some power of the map
or by considering the Poincar�e map on a cross�section to the �ow�

�The dimension increases here because the phase velocity vector of the �ow belongs to the tangent of any invariant
manifold�
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In turn� one can give a coordinate formulation of conditions B�
�B�� � Namely� the quasi�
transversal intersection means that in some local C��coordinates 
x�� x�� y�� y�� near the intersection
point M� 
for the �ows these coordinates are on a cross�section S� �M�� one has that

W s � fy� � �� y� � �g and W u � fx� � �� y� � x��g 

�


for the �ows 

� takes place for W s � S� and W u � S� � respectively��
We will consider Cr�smooth two�parameter families X��� Here� the dependence on � is assumed

to be generic in the sense that the orbit � of homoclinic tangency bifurcates into two transverse
homoclinic orbits at� say� � � � whereas at � 
 � there is no homoclinic intersections close to ��
moreover� the distance between W u and W s near any point of � grows with non�zero velocity as �
grows towards positive values 
see 
����� In other words� � can be viewed as a standard splitting
parameter� The parameter � is the argument of the multipliers of the saddle�focus periodic orbit L�
varying near � � ���

Let U be some su�ciently small neighborhood of L�	�� It is the union of a small neighborhood U�

of L� and a neighborhood U� of �nU�� When we consider the �ows� U� is a solid torus and U� is a
handle glued to U�� In the case of maps� U� is the union of a �nite number m of disjoint balls centered
at the points of L� 
where m is the period of L� � fO�� � � � � Omg� Oi�� � X�Oi� O� � X�Om� and U�

is the union of a �nite number of small neighborhoods of those points of � which do not belong to U� �
The main problem we study for the family X�� concerns the bifurcations of single circuit periodic

orbits in U � The term �single circuit� refers to those periodic orbits which visit each connected
component of U� � UnU� only once in the case of maps� or those which have only one connected
component in the intersection with U� in the case of �ows�

The main result is given by the following theorem�

Theorem �� On the parameter plane 
�� �� there exists an in	nite sequence of regions �i accumulating

at the point 
�� �� � 
�� ���
 such that the system X�� has a ��elliptic �generic if r � �� single circuit

periodic orbit at 
�� �� � �i�

The proof of the theorem is based on the reduction of the �rst return map in a small neighborhood
of a single circuit periodic orbit to some universal form� by means of a linear rescaling of coordinates
and parameters� This gives a kind of �asymptotic normal form� for the bifurcations of single circuit
orbits� in the same way as it was done in 	�� 
�� for general dynamical systems with homoclinic
tangencies� For the systems under consideration� such a normal form is a four�dimensional analogue
of H enon map�

�x� � x�� �x� � y�� �y� � y��

�y� � 
x� �M�
x� � y�� �M� 
 y���

��

Here M� and M� are� essentially� rescaled parameters � and 
� 
 ��� 
see 
����� They are no longer
small and can take arbitrarily �nite values� We �rst study bifurcations in this map and �nd the regions
in 
M��M���plane which correspond to ��elliptic periodic orbits� Then� returning to the non�rescaled
parameters� we determine the location of the corresponding regions in 
�� ���plane�

The signi�cance of the reduction to the asymptotic normal form is� as it follows from Lemma � in
Section �� that any generic dynamics
 or any generic codimension�one and codimension�two bifurcations

in the map 
�� appear in the unfolding of the homoclinic tangency to a saddle�focus in the four�

dimensional symplectic maps� A list of these bifurcations is given in Section ��
The paper is organized as follows� In Section � some necessary information about symplectic maps

is collected� In Section � we consider a four�dimensional symplectic map T� in a small neighborhood

�It is clear that each point of a single circuit periodic orbit is a �xed point for the �rst return map into the corresponding
connecting component�

�It preserves the symplectic form x�
V
�y� �M�y�� � x�

V
y��

REGULAR AND CHAOTIC DYNAMICS�V��� � �� ���	 �
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of the saddle�focus periodic orbit� We show that such maps can be reduced locally to some special
form by a canonical coordinate transformation of class Cr�� 
Lemma 
� and that all iterations of T��
when brought to this form� are uniformly close to the iterations of the linearized map 
Lemmas � and
��� In Section � the global map T� is considered 
i� e� the map by the orbits of X� near the piece
of the homoclinic orbit � � U��� by a symplectic rotation of coordinates which preserves the special
form of the local map T� we bring T� to some standard form� In Section � the �rst return maps
Ti � T�T

i
� are studied� an a�ne transformation of coordinates and parameters makes the �rst return

map asymptotically 
as i � �
� close to the map 
��� In Section � the bifurcations of the �xed
points of this H enon�like map are studied and the main theorem is �nally proved�

�� Basic information on symplectic maps

The following de�nitions are taken mainly from 	�� �
Consider an even�dimensional linear space R�n � The symplectic structure in R�n is a nondegenerate

antisymmetric bilinear ��form� 	�� �� � 
	�� �� where �� � � R
�n � The space R�n endowed by the

symplectic structure 	� � is called symplectic linear space� A linear transformation L � R�n �� R
�n is

symplectic� if it preserves the form 	� �� i� e� 	L�� L�� � 	�� ���
Let ��� � � � � �n� ��� � � � � �n be the symplectic basis� i� e� an orthonormal basis which satis�es

	�i� �i� � 
	�i� �i� � 
 �

	�i� �j � � � and 	�i� �j � � � for any i and j �

	�i� �j � � � at i �� j �

The corresponding coordinate frame is called symplectic� In symplectic coordinates the form 	�� ��
takes the standard form

	�� �� � x
�

y � x�
�

y� � � � �� xn
�

yn

where � � 
x�� � � � � xn� y�� � � � � yn�� � � 
x��� � � � � x
�
n� y

�
�� � � � � y

�
n�� and xj

V
yj � xjy

�
j 
 x�jyj �

In the symplectic basis� a linear symplectic map L � 
x� y� �� 
x� y� is de�ned by a symplectic

matrix A � 
x� y� � A
x� y�� i� e� by a matrix which satis�es

A�JA � J 
��

where A� is the transpose to A�

J �

�
� I


I �

�
�

and I is the 
n� n� identity matrix�
Recall some properties of symplectic matrices�

Property � ���

The coe�cients of the characteristic polynomial p
�� � det
A 
 �I� of a symplectic map are
symmetric� if

p
�� � a��
�n � a��

�n�� � � � �� a�n �

then
a� � a�n� � � � � as � a�n�s� � � � �

Thus� if � is an eigenvalue of a symplectic matrix� then ��� is also an eigenvalue� In particu�
lar detA � 
�

Obviously� this property holds for any linear symplectic map� independently of the basis in which
it is written down�

� REGULAR AND CHAOTIC DYNAMICS�V��� � �� ���	
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Property �

If A is a symplectic matrix� then A� and A�� are also symplectic�
This is an easy consequence of the characteristic Property 
��� Indeed� since J� � 
I�n 
where I�n

is the 
�n� �n� identity matrix�� we have

A�JA � J � A�J � JA�� � JA�J � 
A�� �

� AJA�J � 
I�n � AJA� � J

and the symplecticity of A� follows� Analogously� for the matrix A�� we have

A�JA � J � JA � 
A����J � J � 
A����JA�� �

Let us now write a symplectic matrix A as

A �

�
a b
c d

�
� 
��

where a� b� c and d are 
n� n��matrices�

Property �


� The inverse to A is given by the following formula�

A�� �

�
d� 
b�


c� a�

�
� 
��

�� The matrices a� b� c and d satisfy the following relations�


� a�c � c�a �

�� b�d � d�b �

�� d�a
 b�c � I


��

and


� ab� � ba� �

�� cd� � dc� �

�� da� 
 cb� � I �


��

�� For any symmetric 
n� n��matrix u 
i� e� u� � u�� the matrices


c� du�
a� bu��� � 
au� b�
cu� d��� � 
b� ud���
a� uc� � 
ub� d���
ua� c�

and the inverse to them are symmetric�
Formula 
�� follows directly from 
�� when the matrix A is written in the block form 
���

formula 
�� is simply the relation 
�� for the matrix A�� Formula 
�� is veri�ed by direct multiplication�
with taking identities 
�� into account� To prove Property ���� note that since u is symmetric�

i� e� u� � u� the matrices

�
I �
u I

�
and

�
I u
� I

�
satisfy 
�� and� hence� they are symplectic� The

product of symplectic matrices is symplectic by de�nition� therefore the matrices�
a b
c d

�
�

�
I �
u I

�
�

�
a� bu b
c� du d

�
and �

a b
c d

�
�

�
I u
� I

�
�

�
a au� b
c cu� d

�

REGULAR AND CHAOTIC DYNAMICS�V��� � �� ���	 	
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are symplectic too� Thus� they must satisfy the identities 
�� which read here� respectively�
as 
a�bu�� �
c�du� � 
c�du�� �
a�bu� and 
cu�d�� �
au�b� � 
au�b�� �
cu�d�� but this just means
that the matrices� respectively� 
a� bu�
c�du��� 
and 
c�du�
a� bu��� also� and 
au� b�
cu�d���

are symmetric indeed� Analogously� multiplying the matrices

�
I �
u I

�
and

�
I u
� I

�
on

�
a b
c d

�
from

the left� one gets that 
b� ud���
a� uc� and 
ub� d���
ua� c� are symmetric as well�
Given a symplectic structure� a di�eomorphism in R�n is called symplectic if its derivative 
at any

point� preserves the symplectic form� More generally� symplectic maps on even�dimensional manifolds
may be considered where the symplectic form is a di�erential bilinear antisymmetric form de�ned
on the tangent space� The coe�cients of the form may now depend on the point on the manifold�
However� the study of the systems we consider in this paper is reduced to the study of symplectic
maps in a small neighborhood of a single point� Thus� by virtue of Darboux theorem� we can assume
from very beginning that we deal with the standard symplectic structure�

In this case� the Jacobi matrix of the symplectic map satis�es 
�� at any point� By de�nition�
symplectic di�eomorphisms form a group 
i� e� the product of symplectic maps is symplectic and
the inverse to a symplectic map is symplectic either�� Thus� dealing with symplectic maps we may
freely make symplectic coordinate transformations without loosing the structure� Of course� after
an arbitrary coordinate transformation� a symplectic di�eomorphism remains symplectic but the
symplectic form may change� Therefore� when making non�symplectic coordinate transformations
we will always trace out the changes in the symplectic form�

���� Symplectic map near a saddle periodic orbit�
Straightening of invariant manifolds

Let a Cr�smooth symplectic di�eomorphism X have a periodic orbit� Let O be a point of this
orbit� so XmO � O for some m � 
� One may always assume that O is in the origin� Let U be a
su�ciently small neighborhood of O� Consider a local map T� � Xm

jU �
We will also consider Cr�smooth �ows on a �xed energy level of a Hamiltonian system� If L is

a periodic orbit of such system� then the Poincar e map of a small cross�section to L is symplectic�
Let O be the point of intersection of L with the cross�section and U be a small neighborhood of O on
the cross�section� Then the local map T� is just the Poincar e map de�ned in U �

Let the periodic orbit under consideration be saddle� i� e� we assume that its multipliers 
the
eigenvalues of the derivative of T� at O� do not lie on the unit circle� By Property 
� exactly n
multipliers lie inside the unit circle and n lie outside� One may choose a symplectic basis in such a
way that in the corresponding symplectic coordinates 
x� y�� where x � Rn � y � Rn � the spaces y � �
and x � � will be the eigenspaces of the derivative of T� at O� corresponding to the multipliers inside
and outside the unit circle� respectively�

In this basis the map T� is written as�

x � Bx� F 
x� y� �

y � B��y �G
x� y�

!�

where the spectrum of B lies strictly inside the unit circle� and the functions F and G vanish at the
origin along with their �rst derivatives�

The �xed point in the origin has local stable and unstable manifolds W s
loc and W u

loc which are
written as y � hs
x� and x � hu
y� respectively� where hs and hu are Cr�smooth functions such that

hs
�� � � �
�hs
�x


�� � � � hu
�� � � �
�hu
�y


�� � � �

�We use the notation B�� for the inverse to the matrix B transposed�
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It is well�known thatW s
loc andW

u
loc are Lagrange manifolds� when we deal with the standard symplectic

form this just means that hs and hu are gradients of some smooth functions in Rn � Equivalently� the
derivatives of hs and hu are symmetric matrices�

�hs
�x

�

�
�hs
�x

��

"�

and

�hu
�y

�

�
�hu
�y

��
� 

��

Recall the proof of 

��� The invariance of W u
loc means that if x � hu
y�� then x � hu
y�� i� e�

hu
y� � Bhu
y� � F 
hu
y�� y� 


�

where
y � B��y �G
hu
y�� y� �

The functional equation 


� is solved by the successive approximation method� i� e� hu is found as a
limit 
in Cr�topology� of the sequence of functions hn
x� de�ned inductively as

hn��
y� � Bhn
y� � F 
hn
y�� y� � h�
y� � � �

where
y � B��y �G
hn
y�� y� �

Correspondingly� the derivative h�u
y� is the limit of the sequence un
y��

un��
y� �

�
�x
�x

un
y� �
�x
�y

��
�y
�x

un
y� �
�y
�y

���
� u� � � �

The matrix u� is clearly symmetric� Therefore� in order to prove 

��� it is su�cient to check that
once un is a symmetric matrix� un�� is symmetric too� but this follows from the symplecticity of the
map 
x� y�� 
x� y�� see Property ����

In fact� one may further assume that

hs � � and hu � � �

i� e� that the local stable and unstable manifolds are straightened� Indeed� condition 

�� guarantees
that the following coordinate transformation

� � x
 hu
y� � � � y

is symplectic 
because it follows from 

�� that the derivative

�
I 
h�u
y�
� I

�
satis�es 
���� Obviously�

it is a Cr�transformation and the local unstable manifold is now given by equation � � �� Analogously�
a symplectic coordinate transformation straightens the local stable manifold�

After straightening the invariant manifolds� the local map T� is written in the following form

x � Bx� f
x� y�x �

y � B��y � g
x� y�y


��

where f and g are Cr���functions such that

f
�� �� � � � g
�� �� � � �

REGULAR AND CHAOTIC DYNAMICS�V��� � �� ���	 �
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By 
��� the symplecticity of T� is equivalent to the following relation between f and g�

B��f � g�B � g�f � 

gyy�
�
B � f�
 
B�� � g��fxx� 
fyx�

�gxy 
 
gyy�
�fxx � 

��

plus the matrices


B�� � 
gyy�
� � g��fyx and 
B� � f�f � 
fxx�

��gxy 

��

must be symmetric�

�� Four�dimensional symplectic map near a saddle�focus �xed point

Now let the saddle periodic orbit of X be a saddle�focus� i� e� we assume that the multipliers
are �e�i� and ���e�i� where � � � � 
� � � � � �� In this case the matrix B in formula 

�� for the
local map T� is

B � �

�
cos� 
 sin�
sin� cos�

�
� 

��

the variables x and y are now two�dimensional� x � 
x�� x�� and y � 
y�� y���

Lemma �� There exists a local symplectic Cr���transformation of coordinates �preserving the

form ���� of the map T�� after which the functions f and g satisfy the following identities�

f
�� y� � � � g
�� y� � � �

g
x� �� � � � f
x� �� � � �


��

Remark ��


� The lemma is valid at r � �� When r � � the lemma allows one to represent the map T� as

x � Bx�O
kxk�kyk� � y � B��y �O
kyk�kxk� � 

��

�� By #the standard method� 
using the generating functions� one may prove the existence of
Cr���coordinates desired� We use here a #direct� method� the change is represented in the explicit
form and then its symplecticity is proven�

Proof�
Let us make the local transformation

xnew � 
I � �
y��x � ynew � $
y� 

!�

where �
�� � �� $
�� � �� By Property ��
� this transformation is symplectic if and only if

$�
y� � 
I � ��
y���� 

"�

and the matrix



I � �
y������
y�x 
���

is symmetric for any x and y� The function $ is found from 

"� as

$
y� �

Z �

�

I � ��
sy����y ds �

�� REGULAR AND CHAOTIC DYNAMICS�V��� � �� ���	
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One can check that if the matrix 
��� is symmetric for any vector x� then such de�ned $ is a smooth

function indeed 
i� e�
��$

�y� �y�
�

��$
�y� �y�

��

Let us choose the function �	 such that

�
y� � B�
y�	B � f
�� y���� 
 f
�� y�	B � f
�� y���� 
�
�

where we denote

y � 	B�� � g
�� y��y � 
���

To show the existence of a Cr���smooth function � which yields a solution of the functional
equation 
�
�� note that � satis�es this equation if and only if z � �
y� is an invariant manifold of
the following map�

z � Bz	B � f
�� y���� 
 f
�� y�	B � f
�� y���� �

y � 	B�� � g
�� y��y

���

where z � R
��� � The point 
y � �� z � �� is the �xed point for this map� The linearized map at this

point is

z �� BzB�� 
 f �y
�� ��yB
�� �

y �� B��y �

���

The linearized map is in the block�triangular form� The eigenvalues which correspond to variables y
are the eigenvalues of B�� and they lie outside the unit circle� The other eigenvalues of 
��� lie on the
unit circle 
because� for any square matrices C� and C�� the eigenvalues of the operator z �� C�zC�

are the pairwise products of the eigenvalues of C� and C�� see� for example� 	!�� in our case this
rule gives ��� � � 
� ��� � � e��i�� see 

���� Such separation of the spectrum of the multipliers of
the zero �xed point of the map 
��� implies 
see more details in 	"�� that this map has a unique
smooth invariant strong unstable manifold of the kind z � �
y� where �
�� � �� Thus� the function �
satisfying 
�
� exists indeed� The smoothness of the strong unstable manifold equals to the smoothness
of the corresponding map� since the right�hand side of 
��� involves a Cr���function f � it follows
that � � Cr���

To ensure that such taken function � de�nes a smooth symplectic transformation of coordinates
by formulas 

!�� 

"�� we must verify that the matrix 
��� is symmetric� To this aim� note that
like an unstable invariant manifold 
see Section ��
�� the strong unstable invariant manifold is found
as a limit of successive approximations� Thus� the function � in 
�
� is a limit of the sequence of
functions �n de�ned inductively by the following rule

�n��
y� � B�n
y�	B � f
�� y���� 
 f
�� y�	B � f
�� y���� � �� � � � 
���

where y and y are related by 
���� Hence� if we denote the matrix 
��� as u
x� y� � 

I �
�
y������
y�x� then u
x� y� will be the limit of the sequence un
x� y��

un��
x� y� �

�
�x
�x

un
x� y� �
�x
�y

��
�y
�y

���
� u� � � 
���

where

x � 
B � f
�� y��x � y � 
B�� � g
�� y��y � 
���

�More precisely� it is a ��� ���matrix whose entries are scalar functions of y�
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Note that the map 
��� is symplectic� the validity of 
�� follows from the symplecticity of the
original map 

��� see 

��� 

��� Therefore� by Property ���� if un is a symmetric matrix� then un��

is symmetric too� Hence� the limit matrix 
��� is symmetric and the formulas 

!�� 

"� de�ne a
Cr���smooth symplectic coordinate transformation indeed�

Now note that the functional equation on � is designed in such a way that in the new coordina�
tes 

!� the map T� remains in the form 

�� with some new functions f and g� and

�x
�x

����
x
�

� B � 
�!�

i� e� the new function f satis�es f
�� y� � �� It follows immediately from 

�� that g
�� y� � �� i� e�
in the new coordinates the �rst two identities of 

�� are ful�lled�

Absolutely analogously� one can construct a Cr���smooth symplectic coordinate transformation

xnew � %
x� � ynew � 
I � �
x��y with %
�� � � � %�
�� � I � �
�� � � � 
�"�

such that the other two identities of 

�� become valid 
the �rst two identities cannot be destroyed by
such transformation�� �

If the map under consideration depends on some parameters� continuously or smoothly� then
the coordinate transformation we obtained in Lemma 
 depends on the parameters� respectively�
continuously or smoothly too� It must however be noted that in the case of smooth parameter
dependence the one last 
r 
 
��th derivative with respect to the parameter may not exist for the
functions � and � de�ning the transformation� This follows just from construction� because the
strong unstable and strong stable manifolds which we used in deriving our transformation depend on
the parameters in the same manner� see 	"� for more detail�

Moreover� we never used in the proof that the eigenvalues of B are complex� Obviously� the
lemma remains valid in case B is a matrix� of an arbitrary dimension� whose all eigenvalues have the

same absolute value & this condition is necessary and su�cient for the operator z �� BzB�� to have
all eigenvalues on the unit circle� which is crucial for the existence of the required strong unstable or
strong stable manifolds�

The coordinates of Lemma 
 are quite convenient because if the identities 

�� are ful�lled� all
the iterations of the local map T� are uniformly close to the iterations of the linearized map� Namely�
denote 
xk� yk� � T k

� 
x�� y��� It is well�known 	
�� 

� 
�� that for su�ciently small �� given any k � �
and #the boundary data� x�� yk such that kx�k � �� kykk � �� the corresponding orbit 
xj � yj�

k
j
�

of T� is de�ned uniquely and lies in the small neighborhood U� of the �xed point O
�� �� entirely�
Applying Lemma ��� of 	"� to the map under consideration gives the following result�

Lemma �� When identities 

�� hold
 the following relations are ful	lled�

xk � Bkx� � �kpk
x�� yk� �

y� � 
B��kyk � �kqk
x�� yk�

���

where pk and qk are Cr���functions which tend to zero along with all derivatives as k � �
� here � �

�� 
� is the absolute value of the eigenvalues of B
 see 

���

Analogously to 	
��� these formulas may be enhanced as follows�

Lemma �� If r � � in Lemma �
 then

xk � Bkx� � k��kPk
x�� yk�x� �

y� � 
B��kyk � k��kQk
x�� yk�yk

�
�
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where Pk and Qk are uniformly bounded along with all derivatives up to the order 
r 
 ���

The proof of this lemma repeats closely the proof of an analogous statement 
Lemma 
�� in 	
����
Therefore� we prove here the boundedness only for the functions Pk andQk themselves� the boundedness
of derivatives is veri�ed along the same lines 
for more detail see 	
����

We will use the method of the boundary�value problem 	
�� 

�� Consider the following operator T �

bxj � Bjx� �
j��P
s
�

Bj�s��F 
xs� ys� �

byj � Cj�kyk 

k��P
s
j

Cj�s��G
xs� ys� �

j � �� 
� � � � � k


���

where we denote C � B��� here� F and G are the functions from 
!� which are estimated as

kFk � Kkxk�kyk � kGk � Kkxkkyk� � 
���

according to 

��� The operator T � 	
xj � yj��
k
j
� �� 	
bxj � byj��kj
� is de�ned on the set of sequences

R
�� � fz � 	
xj � yj��
k
j
� � kxjk � � � kyjk � �g

with the norm kzk � max
j
k
xj � yjk� Note that if 	
xj � yj��

k
j
� is a �xed point of T � then


x�� y��
T�
� 
x�� y��

T�
� � � �
T�
� 
xk� yk� �

i� e� the �xed point of T is the orbit of the map T��
For su�ciently small �� the operator T maps the set R
��� into itself and is contracting on this

set 
see a proof in 	
���� Thus� the map 
��� has a unique �xed point which is the limit of iterations
by T of any initial sequence in R
���� Therefore� to get some estimates on the orbit of the map T� it
is su�cient to show that the set of sequences 	
xj � yj��

k
j
� satisfying these estimates lies within R
���

and is invariant with respect to T �
As such an invariant set� let us take Rx�yk � R
��� for which xj � yj satisfy the following inequalities


given x� and yk��

kxj 
Bjx�k � ��j�
j�k � kyj 
 Cj�kykk � ��
k 
 j���k�j � 
���

Note that these inequalities imply that for some constant K�� independent of ���

kxjk � K����
k � kyjk � K����

k�j � 
���

Plugging 
���� along with 
���� in 
��� we see that for �� su�ciently small� if z � Rx�yk � then

kbxj 
Bjx�k � K

j��X
s
�

kBkj�s��kxsk
�kysk � KK�

��
�
�

j��X
s
�

�j�s����s�k�s �

�

�
KK�

�

�
���

�
��j�

j�k � ��j�
j�k�

kyj 
 Cj�kykk � K

k��X
s
j

kC��ks���jkxskkysk
�
� KK�

��
�
�

k��X
s
j

�s���j�s���k�s� �

�
�
KK�

���
�
�

�
��
k 
 j���k�j � ��
k 
 j���k�j �

This means that bz � Rx�yk � Thus� T 
Rx�yk� � Rx�yk �
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So� we have proved that given x� and yk� the corresponding orbit 	
xj � yj��
k
j
� of T� is an element

of Rx�yk 
as this orbit is the �xed point of T �� By construction 
compare 
��� with 
�
��� this means
that the functions Pk and Qk 
�
� are uniformly bounded indeed� We skip the proof of boundedness
of their derivatives�

When the map T� depends smoothly on some parameters� the matrix B and the functions pk� qk
and Pk� Qk in Lemmas � and � are also parameter dependent� The derivatives of these functions with
respect to the parameters are estimated as follows 
see Lemma B�
 in 	"� and Lemma 
�� in 	
����
the derivatives including s di�erentiations with respect to the parameters �s � 
� � � � � r 
 �� are of

order o
k�s� for functions pk� qk and O
k�s� for Pk� Qk�

�� Global map T� near the orbit of homoclinic tangency

Now assume that the system X under consideration 
a symplectic map or a Hamiltonian �ow
on the �xed energy level� has a homoclinic orbit �� at the points of which the stable and unstable
manifolds of the saddle�focus periodic orbit are tangent� Moreover� we consider the case of the simplest
tangency� i� e� such that satis�es conditions B�
� B�� 
see Section 
�� Take a pair of points of � in U�� a
pointM�
x�� �� �W s

loc
O� and a pointM�
�� y�� �W u
loc
O�
� where x� � 
x�� � x

�
� �� y

� � 
y�� � y
�
� ��

obviously 
x�� �
� � 
x�� �

� �� �� 
y�� �
� � 
y�� �

� �� ��
All the forward iterations of M� by T� stay in U� on W s

loc and tend to O� all the backward
iterations of M� by T� stay in U� on W u

loc and tend to O as well� Moreover� by
construction� Xt
M�� � M� for some positive t 
where Xt denotes the time t shift by the orbits
of X if X is a �ow and it denotes the t�th power of X if it is a map��

Let '� and '� be su�ciently small neighborhoods of� respectively� M� and M� in U�� The
map T� � '� � '� by the orbits of X close to the segment of � between M� and M� is called the

global map� when X is a map we just have T� � Xtj�� � If we denote the coordinates in '� and '�

as 
x�� y�� � 
x��� x��� y��� y��� and 
x�� y�� � 
x��� x��� y��� y��� respectively� then the global map
is written as

x� 
 x� � ax� � b
y� 
 y�� � � � � � y� � cx� � d
y� 
 y�� � � � � � 
���

where the dots stand for the second and higher order terms� a� b� c and d are some 
� � ���matrices�
Altogether� they comprise a symplectic 
�� ���matrix

S �

�
a b
c d

�
�

hence they satisfy Property ��� from Section ��
Note that the rotation in U�

xnew � R�x � ynew � R�y 
���

with

R� �

�
cos� 
 sin�
sin� cos�

�

�!�

is a symplectic transformation of coordinates� Moreover� it does not change the matrix B� neither
it destroys identities 

��� nor a�ects formulas 
���� 
�
�� Therefore� we are free to make the local
rotation 
��� with an arbitrary angle � and we will choose it so that to nullify as many entries of S
as possible� The particular e�ect of such rotation on the block d of S is

dnew � R��dR� � 
�"�

�Recall that we have straightened the local invariant manifolds� so the equations of W s

loc�O� and Wu

loc�O� in U�

are y� � y� � � and x� � x� � � respectively�
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By assumption� T�
W
u
loc� is tangent to W s

loc at M�
x�� �� along a single vector� Thus� if we
consider the linearization of the map T� at M��

x� 
 x� � ax� � b
y� 
 y�� � y� � cx� � d
y� 
 y�� � 
���

the image of the plane fx� � �g by this linearized map intersects the plane fy� � �g along a straight
line� In other words� the equation

� � d
y� 
 y�� 
�
�

has a one�parameter family of solutions� Thus�

det d � � and rank d � 
 � 
���

This means that the rows of the matrix

d �

�
d�� d��
d�� d��

�
are linearly dependent� but not all entries are zero� Now one can choose � in 
�"� such that the
matrix d takes the form

d �

�
� �
d�� d��

�
where d��� � d��� �� �� Let us assume� for de�niteness� that d�� �� ��

If this is not the case 
i� e� if d�� � � but d�� �� ��� then one may take a new pair of homoclinic
points 
T��� M�� M�� instead of 
M�� M��� The new map T� will be T �� � T�T� and� taking into
account that the function g in the formula 

�� for T� is identically zero on W u

loc 
see 

���� one can
see that the corresponding matrix d will be

d� � ���
�

� �
d�� �

��
cos� 
 sin�
sin� cos�

�
� ���

�
� �

d�� cos� 
d�� sin�

�
�

Since sin� �� � 
by assumption � �� �� ��� it follows that now d��� � 
d�� sin� �� ��
Summarizing� we may assume that the Jacobi matrix S for the global map T� at M� has the

following form�

S �

	BB

a�� a�� b�� b��
a�� a�� b�� b��
c�� c�� � �
c�� c�� d�� d��

�CCA 
���

where d�� �� �� Since S is a symplectic matrix� it must satisfy relations 
�� and 
��� e� g�

a� b��d�� 
 b��d�� � � �

b� c��
b��d�� 
 b��d��� � d�� �

c� c��
b��d�� 
 b��d��� � 
d�� �

d� a��d�� 
 b��c�� � 
 � b��c�� �


���

Since d�� �� �� we have from 
���b�

c�� �� � � b��d�� 
 b��d�� �� � � 
���
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Taking into account quadratic terms in the equation for y�� we can now write the map T� in the
following form

x�� 
 x�� � a��x�� � a��x�� � b��
y�� 
 y�� � � b��
y�� 
 y�� � � � � � �

x�� 
 x�� � a��x�� � a��x�� � b��
y�� 
 y�� � � b��
y�� 
 y�� � � � � � �

y�� � c��x�� � c��x�� �D�
y�� 
 y�� �
� �D�
y�� 
 y�� �
y�� 
 y�� � �D�
y�� 
 y�� �

� � � � � �

y�� � c��x�� � c��x�� � d��
y�� 
 y�� � � d��
y�� 
 y�� � � � � � �


���

Since x�� � x�� � � on W u
loc� its image T�W

u
loc is given as follows 
we used relations 
���� 
�����

x�� 
 x�� �
b��
d��

y�� � � � � �

y�� � eD�
x�� 
 x�� �
� � eD�
x�� 
 x�� �y�� �

eD�y
�
�� � � � �


���

for some coe�cients eDj� Condition B�� requires the quadratic tangency of this surface

to W s
loc � y�� � y�� � �� which is obviously equivalent to the non�vanishing of the coe�cient eD��

One can compute that

eD� �

D� 
D�

�
d��
d��

�
�D�

�
d��
d��

��


b�� 
 b��
d��
d��

��
�

Thus� condition B�� reads as

D� � D�d
�
�� 
D�d��d�� �D�d

�
�� �� � � 
�!�

We can always assume that D� 
 � 
the sign of D� may be changed by changing the sign of all
variables� 
x� y�� 

x� 
y���

Let us now include our system into a smooth one�parameter family X�� After transition to the
coordinates of Lemma 
 the system is Cr���smooth with respect to phase variables 
x� y� and Cr���
smooth with respect to � 
more precisely� the �rst derivative with respect to 
x� y� is Cr�� with
respect to ���

At non�zero values of the parameter � the global map T� is written as

x�� 
 x�� 
�� � a��
��x�� � a��
��x�� � b��
��
y�� 
 y�� � � b��
��
y�� 
 y�� � � � � � �

x�� 
 x�� 
�� � a��
��x�� � a��
��x�� � b��
��
y�� 
 y�� � � b��
��
y�� 
 y�� � � � � � �

y�� � y��
�� � c��
��x�� � c��
��x�� � d��
��
y�� 
 y�� � � d��
��
y�� 
 y�� �

�D�
y�� 
 y�� �
� �D�
y�� 
 y�� �
y�� 
 y�� � �D�
y�� 
 y�� �

� � � � � �

y�� � y��
�� � c��
��x�� � c��
��x�� � d��
��
y�� 
 y�� � � d��
��
y�� 
 y�� � � � � � �


�"�

where the constant terms and coe�cients of the linearized map are now Cr���functions of �� the same
concerns higher order terms denoted by ellipsis� Recall that at � � � we have that identities 
��� are
satis�ed and

y��
�� � y��
�� � � and d��
�� � d��
�� � � �

We assume that the dependence on � is generic� in the sense that for � from one side of zero�
say� for � 
 �� the homoclinic intersection of T�W

u
loc with W

s
loc disappears and� moreover� the distance

between these manifolds changes with non�zero velocity as � varies� One can see that this is equivalent
to requirement

�y��
��

����
�
�


 � � 
���
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Without loss of generality we will put

y��
�� � � 
�
�

in 
�"��
Let us now enlarge X� to a two�parameter family X�� for which the argument � of the multipliers

of the saddle�focus periodic orbit under consideration is taken as an independent parameter� In this
case all functions of � in 
�"� 
except for y��
�� � �� are also Cr���functions of ��

�� Reduction of the �rst return map to H	enon�like form

A single�circuit periodic orbit ofX�� corresponds to a �xed point of the 	rst return map Ti � T�T
i
�

for some i su�ciently large� The study of the �rst return maps is conducted here in the same way as
it is done for the case of general systems with homoclinic tangencies 	
�� �� 
��� The domain ��i of the
map Ti consists of those points in a small neighborhood '� of the homoclinic pointM�
x�� �� whose i�
th iteration by the local map T� lies in a small neighborhood '� of the homoclinic point M�
�� y���
The domain is non�empty for large i� Lemma � describes ��i as a thin strip composed of points 
x�� y��
such that kx� 
 x�k � � for a su�ciently small � and

y� � 
B��iy� � �iqi
x
�� y�� 
���

where y� ranges in ky� 
 y�k � �� It is seen from 
��� and 

�� that the strips ��i wind around
the two�dimensional area '� �W s

loc� approaching it as i � �
 
Fig� 
�� Again by Lemma �� the
images T i

��
�
i in '� are the strips ��i winding onto '��W u

loc as i� �
� In greater detail� the general

structure of the set of strips ��� �i is described in 	
�� or 	"��

�����
���	

��
��
�����
�����

Fig� �

Given i �xed� it is convenient to use 
x�� y�� as the coordinates on the strip ��i where y� is related
to 
x�� y�� by 
���� This change of coordinates is not symplectic� The symplectic form dx�

V
dy�

which is preserved by the map Ti� is written in the new coordinates as

dx�
�




B��i � �iq�iy
x
�� y���dy� � �iq�ix
x

�� y��dx�� �
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see 
���� Since the form is de�ned up to a scalar factor� we can divide to �i in this expression� Now�
by 

�� and since qi � � as i � �
� we �nd that the map Ti in the new coordinates preserves the
form

dx�
�
R�i�dy

� � � � � 
���

where the dots stand for terms vanishing as i � �
� and R� denotes the rotation to the angle �

see 
�!���

Lemma �� There exist in	nitely many strips ��i for each of which the map Ti may be brought
 by an

a
ne transformation of coordinates and parameters 
�� �� �� 
M�� M��
 to the map asymptotically

close �as i� �
� to the four�dimensional H�enon�like map

x� � x� � x� � y� � y� � y� �

y� � M�
y� � x��
 x� 
 y�� �M� �

���

Moreover
 for any region D � R
� containing 
�� �� there is i� 
 � such that the range of 
M�� M��

covers D for i 
 i�� The same is true for the range of new coordinates 
x�� x�� y�� y���

Proof�

By 
���� 

��� 
�"� and 
��� the map Ti � 
x�� y�� �� 
x�� y�� is written as�
x�� 
 x��
x�� 
 x��

�
� �i

�
a�� a��
a�� a��

��
x�� cos i�
 x�� sin i�
x�� sin i�� x�� cos i�

�
�

�
b�� b��
b�� b��

��
y�� 
 y��
y�� 
 y��

�
� � � � �

�i
�
y�� cos i�� y�� sin i�

y�� sin i�� y�� cos i�

�
�

�
�
y��

�
�

�
c�� c��
c�� c��

��
x�� cos i�
 x�� sin i�
x�� sin i�� x�� cos i�

�
�

�
d�� d��
d�� d��

�
�

�

�
y�� 
 y��
y�� 
 y��

�
�

�
D�
y�� 
 y�� �

� �D�
y�� 
 y�� �
y�� 
 y�� � �D�
y�� 
 y�� �
�

� � �

�
� � � � �


���

where the dots stand for o
�i� terms 
the terms �ipi and �iqi from 
���� recall that � � 
� so �i is
small as i � �
� and for the quadratic and higher order terms 
other than those written down��
the terms x�j and y��� the coe�cients ajk� bjk� cjk� djk and the terms denoted by the dots depend

Cr���smoothly on � and �� Recall that the coe�cients d�� and d�� are of order �� as well as y���
We will shift the origin and also rotate the coordinate frame in order to make the free terms in

the equation for x and in the second equation for y zero� moreover� the coe�cients d�� and d�� must
also vanish after this coordinate transformation� Precisely� we introduce new coordinates 
�� ����

��
��

�
� R��

�
x�� 
 x�� 
 ���
x�� 
 x�� 
 ���

�
�

�
��
��

�
� R��

�
y�� 
 y�� 
 ���
y�� 
 y�� 
 ���

�

���

for some small 
of order O
j�j��i�� quantities ��� � �
�
� � �

�
� � �

�
� and �� such that the map 
��� recasts as�

��
��

�
� �i

�
a�� a��
a�� a��

��
�� cos i�
 �� sin i�
�� sin i�� �� cos i�

�
�

�
b�� b��
b�� b��

��
��
��

�
� � � � �

�i
�
�� cos i�� �� sin i�

�� sin i�� �� cos i�

�
�

�e�
�

�
� �i

�
c�� c��
c�� c��

��
�� cos i�
 �� sin i�
�� sin i�� �� cos i�

�
�

�

�
� �
d�� d��

��
��
��

�
�

�
D��

�
� �D����� �D��

�
�

� � �

�
� � � �


���

where the right�hand sides of the equation for � and of the second equation for � vanishes
at 
� � �� � � ��� the free term in the �rst equation for � is

e� � �� �ifx�� 
c�� cos i�� c�� sin i�� � x�� 
c�� cos i�
 c�� sin i��



 y�� cos i�
 y�� sin i�g � o
j�j� �i� �

�!�

�
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The dots in 
��� stand for linear terms of order o
�i�� and for quadratic and higher order terms� The
conditions of vanishing of the three free terms and two coe�cients of the matrix d constitute a system
of equations on ��� � �

�
� � �

�
� � �

�
� and ��� The solvability of this system at small � and �i is guaranteed

by condition D� �� � 
see 
�!���� we leave details to the reader�

The matrix

�
a b
c d

�
depends on �� � and� now� on i� By construction� this matrix is obtained by

the linearization of the global map T� at the point�
x� � Bi
x� � ��� � �ipi
x

� � ��� y� � ���� y� � y� � ��
�

plus the rotation of the type 
��� on the angle ��� Thus� this matrix is symplectic and the identities 
���
are satis�ed now for non�zero � and any large i�

Note also that the transition to the coordinates 
�� �� by formula 
��� does not change the
structure of the symplectic form 
���� Thus� in the new coordinates the map Ti preserves the form

d�
�
R�i�d� � o

�i��	 � 
�"�

Now make the following linear transformation of coordinates�

u� � �� � u� � �� �

v� � d���� � d���� � �iec���� � v� � 
�� sin i�� �� cos i�

���

where ecjk denotes the corresponding entry of the matrix ec � c � Ri�� We will also use further the

notation ea � a � Ri�� eb � b � Ri�� ed � d � Ri�� Note that the matrix eS �

�ea ebec ed
�

is symplectic 
it

satis�es 
���� moreover� it has the same structure as the matrix S in 
��� & the �rst row of ed is zero�
Therefore� eS must satisfy identities of kind 
���� in particular�

ea�� ed�� 
eb��ec�� � 
 �eb��ec�� � 
�
�

The Jacobian of the transformation 
��� equals to

ed�� � d�� cos i�� d�� sin i� �

Given i� this quantity is non�zero for all � except for a number of special values� Fortunately� these
exceptional values do not belong to the region we are interested in� as we will show below�

The inverse transformation to 
��� is

�� � u� � �� � u� ��
��
��

�
� 
ed��

�
cos i� 
d��
sin i� d��

��
v�
v�

�

 �i

ec��ed��
�
cos i�
sin i�

�
u� �


���

The symplectic form 
�"� is written in the new coordinates as

du�
�


dv� 
 ed��dv�� � ed��du�� dv� � o

�i��	 � 
���

	If the original map was at least C�� these terms are of order O�i��i�� see Lemma ��

This is the formal expression for the requirement that the tangency of T�W

u

loc with W
s

loc at � � � is quadratic�
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The map 
��� recasts as follows 
we use the �rst identity of 
�����

u� � �i


�ea�� 
 eb��ec��ed��


u� � ea��u�� � 
ed�� 
eb��v� � b�v�� � � � � �

u� � �i


�ea�� 
 eb��ec��ed��


u� � ea��u�� � eb��ed�� v� � � � � �

�ied�� 
v� 
 ed��v�� � e�� �i
ec��u� � ec��u�� �D�v
�
� � � � � �

�iv� � v� � �iec��u� � � � � �


���

Here b� � b��d��
 b��d��� it is non�zero by virtue of 
���� the non�zero quantity D� is de�ned by 
�!��
the dots stand for linear terms of order o
�i� 
of order O
i��i� if r � �� and irrelevant quadratic and
higher order terms�

Let us now rescale the coordinates�

v� � 
y��
�i 


D�
ed�� � v� � 
y��

�i 


D�
ed�� �

u� � 
x��
�i 


D�
ed�� b�ed�� � u� � 
x��

�i 


D�
ed�� b�ed�� �


���

Using identities 
���b�� 
���c�� 
�
� one can see that 
��� is now transformed to

x� � y� � � � � �

x� � 

 � ���x� � ��y� � � � � �

y� � y� � � � � �

y� � M
���
� x� �M

���
� y� 
 x� � fM� 
 y�� � � � �


���

whereas the symplectic form 
��� is rewritten as

dx�
�


dy� 
M
���
� dy�� � dx�

�
dy� � � � � � 
���

In these formulas� the dots stand for the terms vanishing as i� �
� the coe�cients �j are

�� �
eb��
b�
ed�� � �� �

eb��
b�
ed�� � 
�!�

the quantities M
���
� � M

���
� � M

���
� coincide in the main order���

M
�������
� � ��i
ed�� � o

�i��	� � 
�"�

�nally�

fM� � 
���i ed���D�e� � 
���

We shall consider the map 
��� for the values of � and � corresponding to bounded fM� and M
���
� �

So� � tends to zero as i � �
� Moreover� ed�� � d�� cos i� 
 d�� sin i� must tend to zero either�
Note that while � varies in some small interval near ��� the value of i� runs a large interval at i
su�ciently large� Therefore� for all large i there are values of � close to ��� corresponding to ed�� as

��The o��� components appear here as the result of rescaling of linear terms of order o��i� denoted by dots in ����� if
the original map was at least C�� one may replace o��� by O�i�i��
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small as necessary� Note here that when ed�� is small� the value of ed�� � d�� cos i� � d�� sin i� is of
order

p
d��� � d���� i� e� the determinant of the coordinate transformation 
��� is bounded away from

zero indeed� as required�

Since the map 
��� preserves the symplectic form 
���� it follows immediately that when M
���
� is

bounded� the di�erences between the coe�cients M
���
� � M

���
� and M

���
� must tend to zero as i� �
�

Thus� 
��� is rewritten as

x� � y� � � � � �

x� � x� � ��y� � � � � �

y� � y� � � � � �

y� � M�
x� � y��
 x� � fM� 
 y�� � � � �


�
�

where M� � M
���
� � we also drop the coe�cient �� because it is proportional to ed�� 
see 
�!�� and�

hence� it tends to zero as i� �
�
Finally� the transformation

xnew� � x� 
 ��y� �
��
�
� xnew� � x� �

��
�
� ynew� � y� �

��
�
� ynew� � y� �

��
�

brings the map to

x� � y� � � � � �

x� � x� � � � � �

y� � y� � � � � �

y� � M�
x� � y��
 x� �M� 
 y�� � � � �


���

where

M� � fM� � ��


M�� �
���
�
�

Note that one can make one more coordinate transformation� asymptotically close to identity
as i � �
 
it� therefore� does not change the form 
��� of the map�� such that the symplectic
form 
��� reduces to

dx�
�


dy� 
M�dy�� � dx�
�

dy� 
���

for all su�ciently large i�
Summarizing� we have reduced the �rst return map Ti to the form 
���� i� e� we have made it

asymptotically close� along with 
r
 
� derivatives with respect to 
x� y� and 
r
 �� derivatives with
respect to M� and M�� to the H enon�like map 
���� The �nal formulas for M� and M� are��

M� � ��i
d�� cos i�
 d�� sin i�� o

�� �

M� � 
 ���i
d��� � d����D�
��

� �i 
p
d��� � d���

fx�� 
c��d�� 
 c��d���
 y�� d�� 
 y�� d��g� o
�i�� �


���

Obviously� one can always �nd the regions arbitrarily close to 
� � �� � � ��� such that for
respectively large i� the range of 
M�� M�� in these regions includes all su�ciently large values� The
lemma is proven� �

��We use �	
�� ����� ���� along with identities ���� and also take the smallness of d�� cos i�� d�� sin i� into account�
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� Bifurcations of the �xed points in the rescaled map

The main 
codimension one� local bifurcations of symplectic maps are 	���

� bifurcations of a �xed point with the double multiplier 
�
��
�� bifurcations of a �xed point with the double multiplier 


��
�� bifurcations of a �xed point with a complex conjugate pair of double multipliers on the unit

circle 
i� e� with the multipliers of the kind ��� � � ��� � � e�i�� � �� �� ���
In a sense� these bifurcations correspond� respectively� to a saddle�node bifurcation� period�

doubling bifurcation and Andronov�Hopf bifurcation in general dynamical systems�
In the H enon�like map

x� � x� � x� � y� � y� � y� �

y� � 
x� �M�
x� � y�� �M� 
 y��

���

all three bifurcations are encountered� We denote the corresponding bifurcation curves on the planeM�

and M� as� respectively� L�� L� and L�� To �nd these curves� note �rst that it follows from 
��� that
the coordinates of a �xed point satisfy x� � x� � y� � y� � z where

z� � �z

 
M��
M� � � � 
���

The characteristic equation at the �xed point is

�� 
M��
� � �z�� 
M�� � 
 � � � 
���

By 
����
���� the curve L� � �� � �� � 
 is given by the following system

z� � �z

 
M��
M� � � �



M� � z � � �

�!�

which recasts as

L� � M� � 

M� 
 
��� 
�"�

The curve L� � �� � �� � 

 is given by

z� � �z

 
M��
M� � � �


 �M� � z � � �

!��

which transforms to

L� � M� � 
M� � 
�
�M� 
 
� � 
!
�

For the curve L� � ��� � � ���� � � ei� we have

z� � �z

 
M��
M� � � �

M� � � cos� � z � � � cos �� �

!��

which may be rewritten as

L� � M� �


!


 �

M�
�

!
�
M�

� 
 
�M� � ��� and jM�j � � � 
!��

Note that at jM�j 
 � the same equation 
!�� de�nes some auxiliary 
non�bifurcational� curves Ld�

and Ld� which correspond to the �xed point with double real multipliers� ��� � � �� ��� � � ���� The
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���
���
��	����

����
	
�����

���
��	

��

Fig� ��

curve Ld� lies in the region M� 
 � and corresponds to positive �� and the curve Ld� lies in M� � 
�
and corresponds to negative ��

The bifurcation diagram is shown in Fig� �� We see that the plane 
M�� M�� is divided into "
regions by the curves L�� L�� L� and Ld��

At M�� M� from region I the map 
��� has no �xed points� In the other regions it has exactly
two �xed points of the following types�

Region II� A saddle 
�� 
� 
i� e� a pair of positive and a pair of negative real multipliers� and
a 


� elliptic point 
i� e� a pair of multipliers on the unit circle and a pair of real negative multipliers��

Region III� A saddle 
�� 
� and a ��elliptic point� p Region IV� A 

�� elliptic point and a
��elliptic point�

Region V� A 

�� elliptic point and a saddle�focus�
Region VI� A saddle 
�� �� and a 

�� elliptic point�
Region VII� A saddle 
�� 
� and a saddle 

� 
��
Region VIII� A saddle 
�� 
� and a saddle�focus�
Region IX� A saddle 
�� 
� and a saddle 

� 
��
Note also � codimension�two points� B� corresponds to a �xed point with the

multipliers 


�

�

�

�� B� corresponds to a �xed point with the multipliers 


�

��
��
�� B�

corresponds to a �xed point with the multipliers 
�
� �
� �
� �
�� and B� corresponds to one �xed
point with the double multiplier 


� and the other �xed point with a complex conjugate pair of
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multipliers on the unit circle�
In the regions III and IV 
the dashed curvilinear triangle without the segment 
B�� B�� in Fig� ��

the map 
��� has a ��elliptic �xed point� Let us show that the ��elliptic �xed point is generic at almost
all points in this region� except for some �nite number of curves�

Indeed� let x� � x� � y� � y� � z be an elliptic �xed point of 
��� with the
multipliers 
e�i�� � e�i���� Let us denote � � 
x� 
 z� x� 
 z� y� 
 z� y� 
 z�� Then the map 
���
is written as

� �

	BB

� 
 � �
� � 
 �
� � � 



 M� �z M�

�CCA
 �

	BB

�
�
�



�CCA ��� � 
!��

The complex eigenvector corresponding to a multiplier ei� is� obviously� 

� ei�� e�i�� e�i��� Therefore�
if �� �� ��� the linear part is diagonalized after the transition to the 
complex� coordinates 
u� v�
de�ned as follows�

� � u

	BB



ei��

e�i��

e�i��

�CCA� u�

	BB




e�i��

e��i��

e��i��

�CCA� v

	BB



ei��

e�i��

e�i��

�CCA� v�

	BB




e�i��

e��i��

e��i��

�CCA � 
!��

where the stars denote complex conjugation� In particular� the third component �� of � is

�� � ue�i�� � u�e��i�� � ve�i�� � v�e��i�� �

In the new coordinates the map is written as

u � ei��u� i
� sin��
cos�� 
 cos���

e�i��
ue�i�� � u�e��i�� � ve�i�� � v�e��i�����

v � ei��v � i
� sin��
cos�� 
 cos���

e�i��
ue�i�� � u�e��i�� � ve�i�� � v�e��i�����

!��

To reduce the map to the normal form we must eliminate all quadratic terms� It is done here by the
standard normalizing transformation�

unew � u� i
� sin��
cos�� 
 cos���

e�i��W 
u� v� ��� ��� �

vnew � v � i
� sin��
cos�� 
 cos���

e�i��W 
v� u� ��� ��� �

!��

where

W 
u� v� � u� e�i��

ei�� 
 e�i��
� uu� �

ei�� 
 

� u�� e��i��

ei�� 
 e��i��
� v� e�i��

ei�� 
 e�i��
�

� vv� �
ei�� 
 


� v�� e��i��

ei�� 
 e��i��
� �uv e�i�������

ei�� 
 ei�������
�

� �u�v� e��i�������

ei�� 
 e�i�������
� �uv� e�i�������

ei�� 
 ei�������
� �u�v e�i�������

ei�� 
 ei�������
�


!!�

Note that we assume additionally here that there is no strong resonances of the kind ��� � � ��	��
�� � ���� �� � ��� � ��� ��� � �� � ��� ��� � ���
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After the transformation the map takes the form 
we omit lengthy computations�

u � ei��u

 � i
! sin��
cos�� 
 cos���

�
fuu���
��� ��� � vv���
��� ���g� � � � � �

v � ei��v

 � i
! sin��
cos�� 
 cos���

�
fvv���
��� ��� � uu���
��� ���g� � � � � �


!"�

where

��
��� ��� �



cos ��� � cos��
� �



 cos��




 � � cos��



 cos���

 � � cos���

�

��
��� ��� �
�



 cos��

 �



 cos��
�

� cos��
cos�� � � cos��

�
� cos��

cos��� � cos��
�


"��

The dots in 
!"� stand for other cubic and higher order terms� If we assume more non�resonance
conditions� ��� � �� �	�� �� �� ���� �� �� ���� �� � �� �� �� ��� � �� �� ��� ��� � �� �� ��� then
all the cubic terms� not presented in formula 
!"�� are non�resonant and can be killed by the further
normalizing transformation which does not change the form 
!"� of the map� So� we may assume that
there is no other cubic terms in 
!"�� Thus� in symplectic polar coordinates

u �
p

!
�e
i�� j cos�� 
 cos��j � v �

p
!
�e

i�� j cos�� 
 cos��j �

the map is written as


 � 


 � o

�� � � � � � � ��
� o

� 
"
�

where 
 � 

�� 
��� � � 
��� ���� � � 
��� ��� and

� � 

sin�� sin��

�
sin����
��� ��� sin����
��� ���
sin����
��� ��� sin����
��� ���

�
�

The elliptic point is generic if det� �� �� i� e� if

��
��� �����
��� ���
 ��
��� �����
��� ��� �� � � 
"��

The left�hand side is some rational function of cos�� and cos�� 
see 
"���� so it may vanish only on
a number of curves in 
��� ����plane� if it is not identically zero� It is seen from 
"�� that if we �x
some ��� then at �� close to zero the left�hand side of 
"�� is of order

� �

�






 cos���

�
�

so it is non�zero indeed�
Thus� the ��elliptic �xed point is generic for almost all 
��� ���� hence� for almost all 
M�� M��

from the region III 	 IV �
Let us now prove the main theorem 
see Section 
�� Note that a generic elliptic point of a

symplectic map remains generic for any close symplectic map� Thus� by virtue of Lemma �� for any
su�ciently large i� the �rst return map Ti has a generic ��elliptic �xed point in some region �i in

�� ���plane close to the point 
� � �� � � ���� This completes the proof�
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